CHAPTER 14: A HARVEST SCHEDULING MODEL
WITH A LONGER PLANNING HORIZON

In Chapter 12, two basic rules of thumb for selecting the length of the planning horizon for a
harvest scheduling linear program were discussed: 1) the planning horizon should be between
one and two rotations long, and 2) the planning horizon istoo short if adding one more
planning period significantly changes the plan for the first planning period. The linear
programming harvest scheduling examples considered so far in thistext have had twenty-year
planning horizons. By the first rule of thumb, the planning horizonsin our initial examples
were too short: the optimal rotation for site class 1 isthirty years, and the optimal rotation for
siteclass| isforty years. This chapter discusses how the planning horizon can be extended.
Specifically, the planning horizon will be extended to forty yearsin this chapter. Forty years
isrealy just the minimal planning horizon for our example — fifty, sixty, or more years would
probably be better. However, once you understand how to extend the planning horizon to
forty years, you should be able to generalize this knowledge in order to make the planning
horizon any length you wish.

The key change that must be made in the formulation in order to accommodate longer
planning horizonsisto allow areas to be harvested more than once during the planning
horizon. Thisisaccomplished by modifying the way the decision variables are defined. The
new definition of the variablesis presented first; then the effect of this change on the
objective function and each type of constraint is discussed. The profit-maximization problem
will be used as the primary example. However, the modifications for the cost-minimization
problem would be similar.

1. Redefining the Decision Variablesto Allow Two Harvests

Recall that the initial example had a twenty-year planning horizon and alowed acresto be
harvested only once in the planning horizon. In that model, there were only three possible
prescriptions for a given area: harvest in period one, harvest in period 2, or do not harvest
during the planning horizon. Without allowing an area to be harvested more than once, if the
planning horizon isincreased to 40 years—i.e., to four periods — there would be five possible
prescriptions: harvest in one of the four periods or do not harvest. However, allowing only
one harvest within a 40-year planning horizon means that stands harvested in the first period
(inyear 5, on average) cannot be harvested again for at least 35 years. Thisistoo long when
the optimal rotation for some standsis only 30 years.

When two harvests are allowed within the planning horizon, the number of possible

prescriptions increases fairly dramatically. Consider just the prescriptions starting with a
harvest in period 1. One could harvest in period 1 only, or in periods 1 and 2, periods 1 and
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3, orin periods 1 and 4 — four
prescriptions involving a harvest
inperiod 1. We will have three
prescriptions starting with a
harvest in period 2: harvest in
period 2 only, in periods 2 and 3,
or in periods 2 and 4. Similarly,
we will have two prescriptions
with an initial harvest in period
3 and one prescription with a
harvest only in period 4. In
addition, there will be one
prescription involving no
harvest at all. Thisresultsina
total of eleven prescriptions.
Table 14.1 summarizes the
possible prescriptions when two
harvests are allowed within a 40-
year planning horizon. (How
many prescriptions would be
possible with two possible
harvests within a 50-year
planning horizon?)

Clearly, adding planning periods
can significantly increase the
size of the linear programming
problem. Itisclearly necessary
to consider some strategies for
reducing the number of possible
prescriptions. A good start
would be to eliminate
prescriptions that involve
harvests that are too close
together. If we require at least
20 yearsto pass between
harvests, we can eliminate all
the prescriptions with harvestsin
consecutive periods. This
eliminates three of the possible
prescriptionsin Table 14.1 and
reduces the number of possible
prescriptions for the 40-year
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Table 14.1. Harvest scheduling prescriptions with

up to two possible harvests within a 40-
year planning horizon.

Planning Period
Prescription
1 2 3 4

1 Harvest
2 Harvest | Harvest
3 Harvest Harvest
4 Harvest Harvest
5 Harvest
6 Harvest | Harvest
7 Harvest Harvest
8 Harvest
9 Harvest | Harvest
10 Harvest
11 No harvest

Table 14.2. Harvest scheduling prescriptions with

up to two possible harvests within a 40-
year planning horizon and a minimum
rotation of 20 years.

Panning Period
Prescription
1 2 3 4

1 Harvest
2 Harvest Harvest
3 Harvest Harvest
4 Harvest
5 Harvest Harvest
6 Harvest
7 Harvest
8 No harvest
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planning horizon to eight. Table 14.2 lists the eight possible prescriptions with up to two
harvests within a 40-year planning horizon and a minimum rotation of 20 years. These are
the eight prescriptions we will consider in our four-period model.

Since up to two harvests are now alowed within the planning horizon, it is necessary to
reconsider the notation for the basic decision variables of the model. For models with up to
two harvests, the following decision variable definition will be used:

X, = the number of acres from site classs, initial age class a, assigned to be
harvested first in period p, and again in period p, .

Of course, p, should always be greater than p, , and, if aminimum rotation of 20 yearsis
required, p, will have to be greater than p, by at least 2. Similarly, for a minimum rotation of
30 years, p, will have to be at least 3 more than p,. In the example presented below, p, is
required to be greater than p, by at least 2. Thisis equivalent to requiring a minimum
rotation on regenerated stands of at least 20 years. Obvioudly, if p, iSzero p, must be zero
also.

With the eight prescriptions shown in Table 14.2, the possible decision variables for the
example problem are:
‘X;aIO ' ‘XvsaIS ' ‘X;aM ' ‘XvsaZO ' ‘X;a24 ' ‘XvsaSO ' ‘X;a40 ' and ‘X;aOO ’
wheres=1or2anda =1, 2, or 3.

For example, the variable X,,, represents the acres from site class 1, initial age class 3 that
are assigned to be harvested in period 2 and again in period 4. These acres will be 40 years
old the first time they are harvested and 20 years old at the second harvest.

Since there are six analysis areas and eight possible prescriptions, the problem will have 48
basic decision variables. There will also be a harvest accounting variable for each period:

H, H, H, and H,.

This brings the total number of variables in the example problem to 52.

2. The Objective Function for the Four-Period Profit-Maximization M odel

The general form of the objective function for the four-period, profit-maximization problem
is:

2 3 44 4 u
MaxZ=Q @ @ &, %X ac,, xX.,
ax - a a a ?csaplo sap, 0 Csap1p2 saplpzl;:l
s=1 a=1 p;=1@ Dr=p1t2 u
p
csap1p2
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where = the discounted net revenue (profit) of assigning one acre from site
classs, initial age class ato be harvested in periods p, and p,
(wherep, = 0 implies no harvest); i.e., the discounted net revenue of

assigning an acre to the variable X, ,, .

This equation appears especially complicated because of the additional summation inside the
parentheses and because the period subscript for the second harvest is related to the period
subscript for the first harvest. The first term inside the parentheses represents the variables
where there is no second harvest. The summation inside the parentheses accounts for
variables with two harvests. This summation only applieswhen p, + 2 # 4; otherwise, the
counter will start at a value higher than the maximum counter value of four, which isthe
length of the planning horizon. Note that the terms with no harvests are not represented at
al. They have been dropped since their coefficients are zero anyway, and they would
complicate the formula unnecessarily. If the above equation seems overly complicated, it can
be written more simply, but in aless compact and less general form as follows:

2 3
o O
- p p p p
Max Z - a a [csalOXsalO + Csa13Xsa13 + csal4Xsal4 + csaZOXsaZO +
s=1la=1
p p p
+ CsalOXsa24 + CsaSOXsa3O + Csa40Xsa4O]

Here, the part in the parentheses explicitly lists the variables representing the seven
prescriptions with harvests. This set of variablesis repeated for each of the six analysis
areas. Note that there will be 42 variables (with non-zero coefficients) in the objective
function. As mentioned earlier, the discounted profit coefficient will be zero for
prescriptions with no harvest (corresponding to the X, variables), so they do not need to
appear explicitly in the objective function. Similarly, the coefficients on the harvest variables
(H,) would also be zero. Of course, harvests do generate profits, but the value of wood that
is harvested has aready been accounted for by the coefficients associated with the analysis
area prescription variables, and these profits would be double-counted if they were aso
associated with the harvest variables.

As in the two-period profit-maximization example, the objective function coefficients
represent the discounted net revenue (profit) for each acre assigned to the corresponding
variable. Asbefore, when p, and p, are both zero, the coefficient will be zero. When thereis
just one harvest —i.e., when p, > 0 and p, = 0 —the calculation of the discounted net revenue
will be just as before:

(P- s): - E- S,

» sap, 0

Csaplo - (1+ r)10>svl— 5

forp,>0and p,=0

where P = thewood price,
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Vi, = the harvest volume per acre for the first harvest (in period p,) from
acres assigned to the variable X,

the variable (per cord) timber sale cost,

the fixed (per acre) timber sale cost,

the stand establishment (regeneration) cost, and

thereal interest rate.

g
I 11

For variables with two harvests—i.e., when p, > 0 and p, > 0 — the calculation of the
discounted net revenue will involve two terms, one for each harvest. Note, however, that
each term is similar to the discounted net revenue expression when there is one harvest:

(P- Sv)xv‘:vlaplp - E B Sf (P- Sv)xvszaplp B E- Sf
Couppy = T + T Jor p;,p, >0
sapyp2 (1+ I") L Z1 (1+ I") )
where V{Yap/pz = the harvest volume per acre for the first harvest (in period p,) from
acres assigned to the variable X, , , and
Vi, = theharvest volume per acrefor the second harvest (in period p,)

from acres assigned to the variable X, .

Aswith the earlier formulations, the key to determining the harvest volume is to determine
the age of the stand at harvest for each cut. For thefirst cut in a stand, the procedure for
identifying the harvest age is the same as it was for the formulation with just one harvest:
first, determine the age of the stand at the beginning of the planning horizon, then determine
the year the harvest occurs. Remember that each activity is assumed to take place at the
midpoint of the corresponding period. Add theinitial age and the year in which the harvest
occurs to get the age at harvest. To determine the age at harvest for the second cut in a stand,
thelogic is actually quite simple: take the difference between p, and p, and multiply this
number by the period length (10 in this case).

As an example, the following formula demonstrates the cal culation of the discounted net
revenue coefficient for acres assigned to the variable X ;,, .

(25- 02)x31- 100- 15 (25- 0.2)x10- 100- 15
Claps = (104)15 + (104) 35

= $396.74

Thefirst harvest occurs in period 2, when the stand is 40 years old. Y ou can verify this by
observing that the stand was initially 25 years old and it is scheduled to be cut 15 years later —
at the midpoint of period 2. To determine the age at harvest for the second cut, note that the
first cut is scheduled to occur in year 15 (the mid-point of period 2) and the stand is
scheduled to be cut again in year 35 (the midpoint of period 4). Thus, the second cut in the
stand will occur 20 years after the first cut, and the stand will be 20 years old at the time of
the second harvest. The expected yield for asite | stand at age 40 is 31 cords per acre (see
Table 14.2 in Chapter 12), and the expected yield for asite | stand at age 20 is 10 cords per
acre.
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The specific objective function for the four-period harvest scheduling problemis:

Max Z =-53.75X,,,, - 3.86 X, ; + 42.80 X,,,, + 73.85 X, ,, + 107.55 X, ,,
+142.92 X,,,, + 165.68 X,,,, + 109.32 X,,,, + 159.21 X,,,, + 205.87 X,,,,
+211.56 X, + 245.26 X, + 245.25 X,,;, + 203.39 X ,,, + 313.15 X,
+363.04.X,,,, + 409.71 X,,,, + 363.03.X,,,, + 396.74 X, ,, + 301.07 X,
+234.81X,,,+ 740 X,,,, + 9450 X,, , + 147.94 X,,,, + 128.93 X, ,,
+187.78 X,,,, + 208.04 X,,,, + 209.68 X,,,, + 190.85 X,,,, + 277.95 X,
+331.40 X,,,, + 307.95 X,,,, + 366.79.X,,,, + 310.37 X,,,, + 266.24 X,,,,
+455.84 X, + 542.94 X, + 596.39 X, + 459.43 X,,,, + 518.27 X,,,
+394.10 X,,,, +310.23 X,,,,

3. The Constraints of the Four-Period Harvest Scheduling M odel

As with the two-period models, there are four basic types of constraintsin the four-period
harvest scheduling model: 1) area constraints, 2) harvest constraints, 3) ending age
constraints, and 4) the non-negativity constraints. The area constraints are straightforward;
the sum of the acres from a given analysis area assigned to each prescription must be less
than or equal to the number of acresin the analysisarea. Asin Chapter 13, harvest
fluctuation constraints will be used in this chapter’ s example since it is a profit maximizing
model. With more than two periods, the number of ways that the harvest fluctuation
constraints can be applied increases. Also, specifying the harvest accounting constraintsis
somewhat more complicated. The constraint on the average age of the forest at the end of the
planning horizon is afairly straightforward extension of the average ending age constraints
that were used in the two-period models. Two ending average age constraints will be
formulated for this model, however. The origina constraint will be separated into two: one
constraint for each site class.

Area Constraints

The area constraints state that the sum of the acres assigned to each of the prescriptions from
each analysis area must be less than or equal to the available acresin that analysisarea. To
construct these constraints, ssmply list the variables representing each of the possible
prescriptions for each analysis area. For the four-period model, the general form of the area
constraintsis:

4 é 4 u

o 7 [] S _ _

XsaOO + a ?Xsaplo + a Xsaplpz l:|£ Asa for s = 1’2 and a = 1’2’3
n=18 P2=p1t2 t

A less general, but easier to understand, expression for these constraintsis:

X'a00 + ‘X;aIO + ‘XvsaIS + ‘Xvsa14 + ‘XvsaZO + ‘Xvsa24 + ‘XvsaSO + ‘Xvsa40 # Asa

s
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fors=1,2anda=1,2, 3

The specific area constraints for the four-period, profit-maximization example problem are:
X]]()() +X1110 + X1113 +X1114 + X]]Z() +X1124 + X113() +X1140 # 3000
X]Z()() + X]Z]O + X1213 + X1214 + X]ZZ() + X1224 + X]23() + X1240 # 6000
X]300 + X1310 + X1313 + X1314 + X]320 + X1324 + X]33() + X1340 # 9000
XZ]()() + XZ]]O + X2113 + X2114 + XZ]Z() + X2124 + X2]3() + X2140 # 8000
XZZ()() + X2210 + X2213 + X2214 + XZZZ() + X2224 + X223() + X2240 # 4000
X23()0 + X2310 + X2313 + X2314 + X2320 + X2324 + X233() + X2340 # 7000

Harvest Accounting Constraints

The harvest accounting constraint for each period must include al of the variables involving
aharvest in that period. The complicating factor with longer planning horizonsis that acres
assigned to some variables will provide volume in more than one period. Thus, some
variables will have non-zero coefficients in more than one harvest accounting constraint. As
before, the coefficients in these constraints give the volume of wood produced in the period
for each acre assigned to the corresponding variable.

The variables involving a harvest in period 1 are:

Xo0s Xz and X, fors=171or2anda =1, 2,0r 3.
For all of the variables, the harvest in period 1 isthe first harvest from the stand. The harvest
accounting constraint for period 1 will therefore have the following general form:

2 3
o O 1 1 1 -
a a VsalOXmlO + vsalSXsa13 + vsa14Xval4 - Hl =0
s=la=1
The specific harvest accounting constraint for period 1 for the example problemis:

2X1110 + 2X1113 + 2X1114 + 10X]210 + 10X]213 + 10X]214
+ 20X131() + 20X1313 + 20X1314 + 5X211() + 5X2113 + 5X2114
+ 14X221() + 14X22]3 + 14X22]4 + 27X231() + 27X2313 + 27X2314 - H] = O

The variables with a harvest in period 2 are:
X0, adX ,, fors=171or2anda =1, 2,0r 3.

Again, for each of these variables, the harvest in period 2 will be the first harvest in the stand.
The general form of the harvest accounting constraint for period 2 is:

2 3
[} ] 1 1 -
A A |Viu20Xsu20 T Viu2aXguoa|- Hy =0
s=1la=1
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The specific harvest accounting constraint for period 2 for the example problem is:

10X,,5 + 10X, + 20 X559 + 20 X554 + 3L X359 + 31 X 55,
+ 14X, + 14X, 5, + 27 Xpppp + 27 Xjppy + 38 X359 + 38 X335, - H, =0

The variables with aharvest in period 3 are:
X0, and X, ,; fors=17or2anda =1, 2,0r3.

Note that for the variables of the form X_;,, the harvest in the third period is the first harvest
inthe stand. For the variables of theform X_,;, the harvest in the third period is the second
harvest in the stand. The general harvest accounting constraint for period 3 is:

2 3
o O 1 2 —_
a a Vsa30)(sa30 + vsa13Xsa13 - H3 =0
s=la=1
The specific harvest accounting constraint for period 3 for the example problem is:

10X, +20X,,50+ 10 X535+ 31X, 550 + 10 X535+ 37 X, 55
+14.X),5+ 27 Xy 50+ 14 X5 5+ 38 X550 + 14 X35 + 47 X350 - H; =0

The variablesinvolving a harvest in period 4 are:
Xopsor Xy ad X, ,, fors=1or2anda =1, 2,0r 3.

The general form of the harvest accounting constraint for period 4 is:

2 3

o O 1 2 2 —_
a a Vsa40)(sa40 + vsa14Xva14 + vsa24Xsa24 - H4 =0
s=la=1

The specific harvest accounting constraints for period 4 for the example problemis:

20X,,,,+10X,,,,+ 31 X}y + 20X}, + 10 X5y, + 37 X5y + 20 X5, + 10 X 55,
YA2 X500+ 21 X5, ¥ 14X, + 38X, + 21 Xy + 14 X555, + 47 X5y
+27 X3, + 14 X555, + 54 X554 - H, =0

Harvest Fluctuation Constraints

With only two periods in the planning horizon the harvest fluctuation constraints are fairly
straightforward: the only guestion is how much to allow the harvest to go up or down
between the two periods. With more periods, there are more possibilities. For example,
should the harvest in period 3 be tied to the harvest in period 1 directly, or should we only be
concerned with fluctuations between adjacent periods? If we only link harvests in adjacent
periods, the harvest can go down one period after another until the overall changein the
harvest level over the planning horizon becomes quite substantial.
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It is up to you, the forest manager, to decide whether harvest fluctuation restrictions should
apply only to adjacent periods or to al combinations of periodsin your model. Thereisno
right or wrong way to do it. For example, you could choose to link the harvest levels for
adjacent periods only, allowing a maximum change of 10% from one period to the next. In
this case, the period 2 harvest would not be allowed to vary from the period 1 harvest by
more than 10%, and the period 3 harvest would not be allowed to vary from the period 2
harvest by more than 10%. With harvests tied together only for adjacent periods, harvests
could go down (or up) by 10% in two consecutive periods. Thiswould result in atotal
fluctuation over the two periods of approximately 20%. For example, if the period 1 harvest
was 10,000 cords, then the period 2 harvest would have to be between 9,000 and 11,000
cords. If the harvest in period 2 was 9,000 cords, the harvest in period 3 could be aslow as
8,100 cords.

If you choose to link the harvests in adjacent periods only, the specific harvest fluctuation
constraints for the example problem would be:

0.9H,-H,#0
-11H,+H,#0
0.9H,-H,#0
“11H,+H,#0
0.9H,-H,#0
“11H,+H,#0

Note that six constraints are required — two for each pair of adjacent periods. The first
constraint keeps the harvest in period 2 from declining by more than 10% from the harvest in
period 1. The second constraint prevents the harvest from increasing by more than 10%
between the first two periods. The next pair of constraints prevents the harvest level from
changing by more than 10% between periods 2 and 3. Similarly, the fifth and sixth
constraints limit the amount of change allowed between periods 3 and 4.

If al periods were tied together through harvest fluctuation constraints, the harvest volume in
each period would be required to be within 10% of the harvest volumein all other periods.
Thus, if the harvest in period 1 was 10,000 cords, then all future harvests would have to be
between 9,000 and 11,000 cords. If the harvest in period 2 was 9,000 cords, the harvestsin
al of the remaining periods would have to be between 9,000 and 9,900 cords. To implement
these restrictions, we would need additional pairs of constraints limiting the difference
between the harvest levelsin periods 1 and 3, 1 and 4, and 2 and 4. Thiswould require the
following six additional constraints:

0.9H,-H,#0
-11H,+H,#0
0.9H,-H,#0

-11H,+H,#0
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09H,-H,#0
-11H,+H,#0

Whether or not to tie the harvest in each period to the harvest in all other periodsis only one
possible decision. One could also choose to require harvest fluctuations to decline over time,
or harvests could be allowed to increase but not to decrease. This|latter type of constraint is
called non-declining flow. A problem with non-declining flow is that the harvest may
decline after the planning horizon if the ending conditions are not chosen carefully. In this
case, the objective of non-declining flow will only have been met during the planning
horizon, and the declines after the end of the planning horizon may be unintended. The
following set of constraints prevent the harvest level from decreasing during the planning
horizon and allow increases in the harvest level of up to 10%.

H, -H,#0
-11H,+H,#0
H,-H,#0
-11H,+H,#0
H,-H,#0
“11H,+H,#0

For the example problem discussed in this chapter, we will constrain harvest level changes
only between adjacent periods and require the change in the harvest level from one period to
the next to be less than or equal to 10 percent.

Average Ending Age Constraints by Site Class

The average ending age constraint is basically the same as in the two-period model. All of
the variables are included on the | eft-hand side, and the coefficient on each variable is the age
at the end of the time horizon of acres assigned to that variable. If the acres are to be
harvested some time — maybe more than once — during the time horizon, their age will

depend only on the elapsed time since the last harvest. |If the acres are not to be harvested
during the time horizon, then they will be forty years older than they were at the beginning of
the time horizon.

The general form of the ending age constraint for afour-period model is:

2 3@ 4 4 Al
A 3 2 0 o & 21y 2 40 o
a a QAgesaOOXsaOO + a 9 AgesapIOXsaplO + a Agesaplpz Xsaplpz TU
s=la=1@ p1=1e Po=pit2 ﬂg

3 Age40 " TotalArea
We are not going to use this constraint in exactly this form, however. Often, the harvest

scheduling model will alow a poorer site classto grow old so that the better sites can be
over-harvested while the average ending age constraint is still met. 1n order to prevent this
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type of solution, it is sometimes necessary to use separate ending age constraints for each site
class. Thisrequires as many ending age constraints as there are site classes — two in this
example. These constraints would be exactly the same as the above formula, except that the
first summation sign would be dropped. These constraints can also be written equivalently as
follows:

3

2 40 40 40 40 40
al[AgesaOOXsaOO + AgesaloXsaIO t Agesa13Xsa13 t Agesal4Xsal4 + AgesaZOXsaZO
a:

+ Ageja()24Xsa24 + Agei?szsaso + Agefmemm] 3 Agejo " Area,

There will be one of these constraints for each site class. Note that splitting the ending age
constraint into two allows the target average ending age to be different for different site
classes. Thisisdesirablein this example, since the optimal rotation is different for the
different site classes.

The specific average ending age constraints for the example model are:

35X,,,0+15.X),;5+ 85X, + 25X, 59+ 5X, 5, + 15X)5) + 5X,,4 + 35X

+ 15X+ 5 X 51y ¥ 25X 509 + S X 55, + 15X 59 + 5 X549 + 35X 5,9 + 15X 55

+ 95X 504+ 25X 55+ 5 X 55 + 15X 530 + 5 X 549 + 45X, gy + 55X 59 + 65 X 5
$ 369,000

35X+ 15.X,15+ 5.5, + 25 X,5) + 5. X, 5, + 15 X35 + 5 X5, + 35X

+ 15X+ 5.X501, + 25 X50) + 5 X504 + 15 X550 + 5 X550 + 35 X35, + 15 X5

+ 5 X504+ 25 X559 + 5 X500 + 15 X550 + 5 X509 + 45 X199 + 55 X599 + 65 X5
$ 294,500

The right-hand sides of these constraints are based on atarget average ending age of 20.5
yearsfor site class | and 15.5 yearsfor site class 1. For example, the value 369,000 was
obtained by multiplying the target ending age for site class |, 20.5, timesthe areain site class
I, 18,000 acres. Note that, with aforty-year planning horizon, there should be plenty of time
for the forest to reach the average age of an optimally regulated forest.

Non-negativity Constraints

The non-negativity constraints for this problem are:

$0 fors=1,2,a=1,2, 3;andp,p, =00, 10, 13, 14, 20, 24, 30,

and 40; and
H,$0 forp=1,23,4.

sap1p;
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5. The Complete Four-Period Profit-M aximization Harvest Scheduling Formulation

This section summarizes the problem formulation for the four-period profit-maximization
harvest scheduling model. First, the general formulation of the model is summarized; then,
the specific formulation for this example is summarized.

General Formulation

FyyLy $ y
MCZX Z - a- a a- ?Csaplo XX sap, 0 + a- csaplpz staplpzl;\I
s=1 a=1 p;=1@ P2=p1+2 u
Subject to
g € g u
Xootad 8Xpot A Xy, 0® 4, fors=12anda=123
p=18 P2=pi+2
g &1 1 1
a a VsalOXmlO + vsalSXsa13 + vsa14Xval4] - Hl = 0
s=1la=1"
g Sl 1
a a vstZOXvaZO + vsa24Xva24] - HZ = 0
s=la=1"
Sl 1 2
a a Vsa30)(sa30 + vsa13Xsa13] - H3 = 0
s=la=1"
g &1 2 2
a a Vsa40)(sa40 + vsa14Xva14 + Vsa24Xsa24] - H4 = O
s=la=1"
0.9H,- H, #0
“11H,+H,#0
0.9H,- H,#0
“11H,+H,#0
0.9H,-H,#0
“11H,+H,#0
38 4 4 ou
o X 40 o 40 o 40 v
a‘ QAgeS(IOOXSHOO + a QAgesaploXsaplo + a Agesap]_pz Xsap]_ple;’l
a=18 n=1€ P2=p1+2 29

s Age40' Areag,,, fors=12
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X $0 fors=1,2a=12 3 andp,p,= 00,10, 13, 14, 20, 24, 30, and 40;

sapyp;
and

H,$0 forp=1,223 4

14

Specific Formulation

Max Z=-53.75 X,,,,- 3.86 X,,,; + 42.80 X,,,, + 73.85 X,,,, + 107.55 X, ,,
+14292 X,,,,+165.68 X,,,, + 109.32 X,,,, + 159.21 X,,,; + 205.87 X,,,,
+21156 X,,,, + 245.26 X ,,,, + 245.25 X,,,, + 203.39 X,,, + 313.15 X ;,,
+363.04 X,;,; +409.71 X,;,, + 363.03 X;,, + 396.74 X,;,, + 301.07 X ;;,
+23481X,;,+740X,,,+9450X,,,,+ 14794 X,,,, + 128.93 X, ,,
+187.78 X,,,, + 208.04 X,,,, + 209.68 X,,,, + 190.85 X,,,, + 277.95 X, ;
+331.40X,,,,+307.95X,,,, + 366.79 X,,,, + 310.37 X,,;, + 266.24 X,,,,
+455.84 X,;,,+542.94 X,,,; + 596.39 X,,,, + 459.43 X,;,, + 518.27 X,;,,
+394.10 X,;;, + 310.23 X,,,,

Subject to

Xipto+ Xyt Xy + Xypoo + Xipog + Xyp30 + X149 + X100 # 3000

Xipro+ Xios + Xpopy + Xinag + Xpnog + Xjo39 + Xjogg + X500 # 6000

Xizro+ Xpss + Xpspy + Xisag + Xisog + Xis30 + X349 + X500 # 9000

XopioF Xopps + Xop gy + Xopog + Xopog + Xop39 + X4 + X500 # 8000

Xoprg+ Xopps + Xoppy + Xogog + Xoggy + Xopszg + Xpgg + X0 # 4000

Xozr9+ Xogps + Xogpy + Xogog + Xogog + Xogs + Xzgp + Xz # 7000

2X0*t2X,5%2X,,, 10X, + 10X, + 10 X5, + 20 X5, + 20 X 55
+20X,5,, + 5 X5+ 5 X5+ 05X, + 14 X5y, + 14 Xy 5 + 14 X5, + 27 X5
+ 20 X35+ 21 Xo5,,-H; = 0

10 X, ;59 + 10 X, 5, + 20 X555 + 20 X5, + 3L X 555 + 3L X 5,
+ 14X, + 14 X, 50 + 27 Xppp + 27 X0y + 38 X559 + 38 X35, - H, =0

10 X;;;5 + 20 X, 50 + 10 X5 5 + 3L X 550 + 10 X 5,5 + 37 X 55
+ 14X+ 21 Xyp50 + 14 X5 5+ 38 X050 + 14 X555 + 47 X530 - H; =0

20X,,,,+10X,,,,+31 X,y + 20 X5, + 10 X5, + 37 X5, + 20 X5, + 10 X5,
+ A2 X500+ 21 X510+ 14 X5, + 38X,y + 27 X5y + 14 X0, + 47 X,y
+27 X5, + 14 X555, + 54 X35, - H,= 0

09H,-H,#0

-11H,+H,#0

09H,-H,#0

-11H,+H;#0

09H,-H,#0

-11H,+H,#0
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35X+ 15X, )15+ 5.X)11s + 25X, 59+ 5X, 04+ 15X)150 + 5K, + 35X 5
+15.X)55 ¥ 5 X0yt 25X 509 + 5 X 504+ 15X 30 + 5 X 549 + 35X 5,9 + 15X 55
+5X504F 25X 35+ 5 X 350 + 15 X 530 + 5. X 549 + 45X, 19p + 55X 599 + 65 X5

$ 369,000

35Xt 15X, 15+ 5.X5)14 + 25 X559 + 5. X, 54 + 15 X550 + 5 X514 + 35Xy
+ 15X+ 5 X501y + 25 X500 + 5 X004 + 15 X359 + 5 X509 + 35 X559 + 15 X355
+ 5 X504t 25 X539 + 5 X350 + 15 X530 + 5 X509 + 45 X195 + 55 X599 + 65 X5,

$ 294,500
Xy $0 fors=1,2,a=1,2, 3;andp,p, =00, 10, 13, 14, 20, 24, 30, and 40;
H,$0 forp=1,223 4

6. Interpreting the Solution to the Four-Period Model

The LINDO output for the four-period profit-maximization model is presented in Figure
14.1. Tables 14.3 through 14.9 organize and present the results.

Table 14.3 shows the acres harvested by period from each analysis area. Note that the total of
the acres harvested from an analysis areaover all four periods need not equal the number of
acresinitially in the analysisarea. For example, summing across the row for analysisarea 1,3
(i.e, siteclass 1, initial age class 3, ages 21 to 30 years) gives atotal areacut of 11,183.3
acres, yet there were only 9,000 acres in the analysis area to begin with. Thisis because
2,183.3 acres from this analysis area were cut twice, so they appear two timesin the table.
Note also that there are no longer any uncut acres. Over a40-year planning horizon, the
model schedules all acresto be cut at least once.

Table 14.3. Acres harvested by analysis area and period.

Site Initial Harvest Period
Class || AgeClass 1 2 3 4 No cut
1 0-10 0.0 00 1,033.0 1,967.0 0.0
11-20 00 43835 16165 0.0 0.0
21-30 50334  3,966.6 0.0 2,183.3 0.0
Total 50334 8350.1 2,649.5 4,150.3 0.0
2 0-10 0.0 0.0 8,000.0 0.0 0.0
11-20 0.0  4,000.0 0.0 0.0 0.0
21-30 7,000.0 0.0 0.0 5,683.3 0.0
Total 7,000.0 4,000.0 8,000.0 5,683.3 0.0
TOTAL 12,033.4 12,350.1 10,649.5 9,833.7 0.0
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LP OPTI MUM FOUND AT STEP 33
OBJECTI VE FUNCTI ON VALUE
1) .1191013E+08
VARI ABLE VALUE REDUCED COST
X1110 . 000000 124. 680100
X1113 . 000000 144. 128500
X1114 . 000000 124. 680100
X1120 . 000000 34. 489690
X1124 . 000000 65. 899490
X1130 1032. 951000 . 000000
X1140 1967. 049000 . 000000
X1210 . 000000 59. 081680
X1213 . 000000 78. 530110
X1214 . 000000 59. 081680
X1220 4383. 481000 . 000000
X1224 . 000000 31. 409830
X1230 1616. 519000 . 000000
X1240 . 000000 61. 095940
X1310 2850. 115000 . 000000
X1313 . 000000 19. 448340
X1314 2183. 274000 . 000000
X1320 3966. 611000 . 000000
X1324 . 000000 31. 409710
X1330 . 000000 93. 475160
X1340 . 000000 176. 654000
X2110 . 000000 95. 882030
X2113 . 000000 109. 286700
X2114 . 000000 95. 881990
X2120 . 000000 29.178310
X2124 . 000000 64. 927150
X2130 8000. 000000 . 000000
X2140 . 000000 33. 356710
X2210 . 000000 55. 267910
X2213 . 000000 68. 672610
X2214 . 000000 55. 267940
X2220 4000. 000000 . 000000
X2224 . 000000 35. 748860
X2230 . 000000 45. 702750
X2240 . 000000 120. 629400
X2310 1316. 667000 . 000000
X2313 . 000000 13. 404730
X2314 5683. 333000 . 000000
X2320 . 000000 65. 968570
X2324 . 000000 101. 717500
X2330 . 000000 177. 833500
X2340 . 000000 289. 138900
X1100 . 000000 37.918370
X1200 . 000000 104. 389500
X1300 . 000000 218. 814100
X2100 . 000000 56. 088310
X2200 . 000000 153. 075300
X2300 . 000000 318. 281600
H1 289667. 800000 . 000000
H2 318634. 600000 . 000000
H3 286771. 100000 . 000000
H4 258094. 000000 . 000000

Figure 14.1.

LINDO solution to the four-period profit-maximization harvest scheduling
problem.
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Table 14.4. Harvest schedule - acres harvested by period

and age at harvest.
Planning Ageat Site
Period  harvest 1 2 Total

1 30 50334  7,000.0 12,0334
Total 50334  7,000.0 12,0334
2 30 43835  4,0000 83835
40 3,966.6 00 3,966.6
Total 8,350.1  4,000.0 12350.1
3 30 1,033.0 8,000.0 9,033.0
40 1,616.5 00 16165
Total 2,649.5  8000.0 10,649.5
4 30 2,1833 56833 7,866.6
40 1,967.0 00 1,970
Total 4,150.3 56833 9,833.7

The information presented in Table 14.3 is not particularly useful to the forester charged with
implementing the plan. It isvery hard to tell, for example, when one gets to period 4, where
the 2,183.3 acres to be cut from analysis area 1,3 should be found. By the fourth period,
these acres will have been cut once, and they will be relatively young, at 30 years, and not
seem like they were 30 years old 35 years before. The information in the harvest schedule
table (Table 14.4) will be much more useful. That table shows the acres and the age classes
where harvests should occur in terms of their agesin that period. Thus, in Table 14.4, the
2,183.3 acres to be cut from the original analysis area 1,3 are identified as being 30 years old
in period 4.

Table 14.5 shows the summary of acres and volume harvested and costs and revenue by
period. Recall the general rule that the planning horizon is long enough if extending the
planning horizon by one period does not significantly change the planned activities for period
1. Although the planning horizon has been extended by more than one period, and the
formulation of the ending age constraints have been modified somewhat, it should still be
interesting to compare the general results from the four-period model developed in this
chapter with the results from the two-period model developed in Chapter 13. In comparing
the results in this chapter with the results in the previous chapter, you should note that the
total area scheduled for harvest in period one has declined from 12,895 acresto 12,033 acres,
a 6.7 percent decrease. All of this decrease is scheduled to occur in the acres cut from site
class1; in both models, all of the acresin analysis area 2,3 (site class 2, initial age class 3,
aged 21 to 30) are scheduled to be harvested in period one. Similarly, the volume scheduled
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to be harvested in period 1 has been reduced from 30,691 cords per year to 28,967 cords per
year, a 6.4 percent decrease. Thereisno purely objective way to say whether these changes
are significant; however, most would consider thisafairly substantial change in the plan. If
S0, in this case, the four-period model should be considered to be a worthwhile improvement
over the two-period model of Chapter 13.

Table 14.5. Summary table: acres and volume harvested and revenues and
costs by period.

Period

Item 1 2 3 4

Acres 12,033 12,350 10,649 9,834
Volume 289,668 318,635 286,771 258,094
Planting 1,203,339 1,235,009 1,064,947 983,366
Timber Sales 238,434 248,978 217,096 199,124
Revenue 7,241,695 7,965,865 7,169,277 6,452,350
Net Revenue 5,799,922 6,481,877 5,887,234 5,269,861
Disc. NR 4,767,113 3,599,156 2,208,400 1,335,464

Another interesting observation that can be made regarding the resultsin Table 14.5 is that
the model has apparently taken full advantage of the flexibility in the harvest volume from
period to period that is allowed by the harvest fluctuation constraints. Between periods 1 and
2, the harvest volume increases by 10 percent. Then, the harvest volume decreases by 10
percent between periods 2 and 3 and again between periods 3 and 4. Recall from Chapter 12,
that the LTSY of thisforest is 31,050 cords per year. Rather than approaching this harvest
level in the long run, the harvest in the fourth period is almost 17 percent below the LTSY .
This outcome is probably not desirable, and the formulation of the harvest target constraints
for this model should probably be reconsidered. Thus, while we only have time to consider
thisinitial formulation of the model in this book, you should recognize that in practice it will
frequently be necessary to reformulate the model several times before a completely
satisfactory plan has been devel oped.
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Table 14.6. Age-classdistribution at the Table 14.7. Age-classdistribution at the
end of period 1. end of period 2.
Acres by site class Acres by site class
Age Age
0to 10 5,033.4 | 7,000.0 | 12,033.4 0to 10 8,350.1 | 4,000.0 | 12,350.1
11to20 || 3,000.0 | 8,000.0 | 11,000.0 11t020 || 5,033.4 | 7,000.0 | 12,033.4
21t030 | 6,000.0 | 4,000.0 | 10,000.0 21t030 || 3,000.0 | 8,000.0 | 11,000.0
31to40 || 3,966.6 0.0 | 3,966.6 31to40 || 1,616.5 00| 16165
Tota 18,000.0 | 19,000.0 | 37,000.0 Total 18,000.0 | 19,000.0 | 37,000.0
Table 14.8. Age-classdistribution at the Table 14.9. Age-classdistribution at the
end of period 3. end of period 4.
Acres by site class Acres by site class
Age Age
0to 10 2,649.5 | 8,000.0 | 10,649.5 0to 10 4,150.3 | 5,683.3 | 9,833.7
11to20 || 8,350.1 | 4,000.0 | 12,350.1 11to 20 2,649.5 [ 8,000.0 | 10,649.5
21to30 || 5,033.4 | 7,000.0 | 12,033.4 21t0 30 8,350.1 | 4,000.0 | 12,350.1
31to40 || 1,967.0 00| 1,967.0 31to40 2,850.1 ( 1,316.7 | 4,166.8
Tota 18,000.0 | 19,000.0 | 37,000.0 Total 18,000.0 | 19,000.0 | 37,000.0

Tables 14.6 through 14.9 show the projected evolution of the age-class distribution of the
forest over time. Note that there isreally no trend towards a more regulated age-class
distribution. Thus, if thisis an objective, you would need to consider how the formulation
might be modified to achieve this. On the other hand, if the primary reason for wanting to
balance the age-class distribution is to achieve a more even-flow of timber harvests, then this
would probably be accomplished best by modifying the harvest fluctuation constraints.
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7. Study Questions

1. What are the two basic guidelines for selecting the length of the planning horizon for a
harvest scheduling linear program?

2. What are the advantages and disadvantages of longer versus shorter planning horizons?

3. List the possible harvesting combinations (prescriptions) with afifty-year planning horizon
(consisting of five 10-year planning periods) if up to three harvests are alowed within the
planning horizon and if at least two periods (twenty years) must pass between harvests?

4. Use the definition presented in this chapter to explain how to interpret the variable X, ;.

5. The objective function coefficient on the variable X,,,, is 187.78. What does this number
represent? Show how this coefficient was calculated.

6. How old will acres assigned to the variable X;,,, be the first time they are harvested? What
will be the per-acre yield from this harvest? How old will the same acres be the second time
they are harvested? What will the yield be from this second harvest?

7. What is the purpose of the harvest fluctuation constraints? What is the difference between
tying together the harvest level only in adjacent periods and linking the harvest levelsin all
periods? With afive-period model, how many constraints would be required to link the
harvest levels of adjacent periods? How many constraints would be required to link the
harvest levelsin all periods with afive-period model ?

8. Why isit sometimes advisable to have separate ending constraints for each site class?
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